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STRONG MONOTONICITY OF SPECTRAL RADIUS
OF POSITIVE OPERATORS.
DONALD W. HADWIN, ARKADY K. KITOVER, AND MEHMET ORHON
Abstract. The classic result of Perron and Frobenius states that
if A and B are matrices with nonnegative elements, such that A ≤
B, A is irreducible, and ρ(A) = ρ(B) then A = B. We extend this
result to a large class of band irreducible positive operators on a
large class of Banach lattices and provide examples to show that
the conditions we put on the operators and the Banach lattices
cannot be weakened.
A part of the famous Perron - Frobenius theorem states that if A
and B are matrices with nonnegative elements, such that A ≤ B,
A is irreducible, and ρ(A) = ρ(B) where ρ(A) means the spectral
radius of A then A = B. It was proved by Perron in [23] in 1907
for matrices with strictly positive elements and by Frobenius in [11] in
1912 for arbitrary irreducible matrices. The proof can be also found
in [26, Section 2.1]. While the part of Perron - Frobenius theorem
which describes the structure of peripheral spectrum of nonnegative
irreducible matrices became a subject of very active research and was
successively extended to include the class of band irreducible positive
compact operators on Banach lattices (an extensive bibliography can
be found in [13] and in [1]) the above statement about spectral radii
until recently attracted comparatively less attention.
Nevertheless in 1970 Marek [21, Theorem 4.3] proved the following
very general result.
Theorem 1. (Marek [21]) Let X be a partially ordered Banach space
with the closed normal B-cone K. Let T1, T be positive linear oper-
ators on X, T1 ≤ T , and T be semi non-supporting. Let ρ(T ) be an
eigenvalue of T and the Banach conjugate operator T ′ to which corre-
spond a positive eigenvector and respectively a positive eigenfunctional.
Let also ρ(T1) be an eigenvalue of T
′
1 with a positive eigenfunctional.
Finally assume that ρ(T ) = ρ(T1). Then T = T1.
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Let us discuss the meaning of conditions of Theorem 1 in the case
when the partially ordered Banach space X is a Banach lattice.
The condition that the coneK is a B-cone was introduced by Sawashima
in [24] and means the following:
∃C > 0, ∀x ∈ X∃{x1n}n∈N, {x2n}n∈N ⊂ K such that x1n − x2n →
n→∞
x
and ‖xin‖ ≤ C‖x‖, i = 1, 2, n ∈ N.
This condition is obviously satisfied for the cone of positive elements
in a Banach lattice.
The condition that an operator T is semi non-supporting was also
introduced in [24] and means that for any nonzero x ∈ K and x′ in
K ′ there is a p = p(x, x′) ∈ N such that (T px, x′) > 0. In the case
of Banach lattices this condition is well known to be equivalent to T
being ideal irreducible. For the sake of completeness we provide a short
proof.
Proposition 2. Let T be a positive operator on a Banach lattice X.
Then T is semi non-supporting if and only if it is ideal irreducible.
Proof. Assume first that there is a nontrivial closed ideal J in X such
that TJ ⊆ J . Then the annihilator of J is a nontrivial band in X ′ and
therefore there is a positive nonzero x′ ∈ X ′ such that x′(J) = 0. Let
x ∈ J be positive and nonzero. Then (T px, x′) = 0, p ∈ N whence T is
not semi non-supporting.
Next assume that there are positive nonzero x ∈ X and x′ ∈ X ′ such
that (T px, x′) = 0, p ∈ N. Let z =
∑
Tnx
2n‖Tnx‖
where the sum is taken
over all n ∈ N such that T nx 6= 0. Then the closed principal ideal
generated by z is T -invariant and nontrivial. 
Thus Theorem 1 provides a very satisfactory extension of the cor-
responding part of the Perron - Frobenius theorem for the ideal irre-
ducible operators. Our goal in this paper is to obtain a similar extension
for the larger class of band irreducible operators.
In fact, in the case when the Banach lattice X has order-continuous
norm every closed ideal is a band and there is nothing to prove. But,
as the next example shows, for an arbitrary Banach lattice we cannot
just substitute band irreducible for ideal irreducible in the conditions
of Theorem 1.
Example 3. Let X = {x ∈ C[0, 1] : x(0) = x(1)}. Clearly X is a
Banach lattice. Let α be an irrational number from (0, 1). By t∔α we
will mean addition modulo 1. Let l ∈ X such that l(1/2) = 0, l(t) > 0,
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if t ∈ [0, 1] and t 6= 1/2, and
1∫
0
ln l(t)dt = −∞. For example we can
take
l(t) =
{
e
− 1
(t−1/2)2 , if t 6= 1/2,
0, if t = 1/2
We introduce the following positive operators.
(Ax)(t) = x(1/2), x ∈ X, t ∈ [0, 1],
(Bx)(t) = l(t)x(t∔ α), x ∈ X, t ∈ [0, 1],
C = A +B.
It is obvious that the operator A is one dimensional and that its
spectrum σ(A) = {0, 1}. The operator B is band irreducible because
α is an irrational number. Moreover the condition
1∫
0
ln l(t)dt = −∞
guarantees that B is quasinilpotent (see e.g., [9]). Next notice that
ρ(C) ≥ ρ(A) = 1 and that because C is a positive operator ρ(C) ∈
σ(C). The operator C is a compact perturbation of B. Clearly the
Fredholm 1 spectrum of B, σf (B), is the singleton {0}. The Fredholm
spectrum does not change under compact perturbations (see [16, The-
orem 5.35, p.244]) whence σf (C) = {0} and by [16, Theorem 5.33, p.
243] ρ(C) is an isolated point and an eigenvalue of C of finite multi-
plicity. We claim that ρ(C) = 1. Indeed, assume to the contrary that
ρ(C) = r > 1. Let z ∈ X be the corresponding eigenvector. Then
l(t)z(t∔ α) + z(1/2) = rz(t), t ∈ [0, 1]
Because l(1/2) = 0 we see that z(1/2) = 0 whence l(t)z(t ∔ α) =
rz(t), t ∈ [0, 1] in contradiction to B being quasinilpotent.
We claim additionally that the spectral projection corresponding to
the isolated eigenvalue 1 is one dimensional. Indeed, assume first that
there are two linearly independent eigenvectors f and g of C corre-
sponding to the eigenvalue 1. Then f(1/2) 6= 0 and g(1/2) 6= 0. There-
fore, without loss of generality we can assume that f(1/2) = g(1/2).
But then B(f − g) = f − g whence f = g, a contradiction.
Assume now that f is an eigenvector of C corresponding to the eigen-
value 1, and that h is a root vector of C, i.e. (I − C)h = f . Then
l(t)h(t∔ α) + h(1/2)− h(t) = f(t), t ∈ [0, 1].
If we put t = 1/2 in the above equation we get f(1/2) = 0 whence
Bf = f , a contradiction again.
1As usual we understand by Fredholm spectrum of a bounded operator on a Banach
space its spectrum in the Calkin algebra.
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Now we see that there is a positive eigenvector of C corresponding
to the eigenvalue 1. Indeed, because the spectral projection P on the
eigenspace of C corresponding to the eigenvalue 1 is one dimensional
we can apply the well known formula
P = lim
r→1+
(r − 1)
∞∑
n=0
Cn
rn+1
(⋆)
(see e.g., [25, p. 329]), that shows that P is a positive operator.
Similar reasoning applied to the Banach dual operatorsA′, B′, and C ′
shows that ρ(C ′) = 1 and 1 is an eigenvalue of C ′ to which corresponds
a positive eigenfunctional ( notice that the spectral projection on the
eigenspace of C ′ corresponding to the eigenvalue 1 coincides with P ′
and therefore is one dimensional).
Thus we see that the operators A and C satisfy all the conditions of
Theorem 1 with the exception that instead of being ideal irreducible C
is only band irreducible (clearly C leaves invariant the ideal I = {x ∈
X : x(1/2) = 0}), but exactly because of this exception the statement
of the said theorem is not true anymore.
A quick look at Example 3 allows us to notice the reason for this fail-
ure; the operators A and C are not order continuous. Indeed, Alekhno
(see [5, Theorem 5]) proved that the conclusion of Theorem 1 remains
true under the assumption that the Banach lattice X has a separating
set of order continuous functionals and the dominating operator T1 is
band irreducible and σ-order continuous (see Definition 4).
The main result of the current paper (Theorem 9, part (a)) extends
Alekhno’s result to the much larger class of Banach lattices having the
property that the sequential Lorentz seminorm (see Definition 6) is a
norm. Example 11 shows that this is as far as we can go.
We need to recall two definitions.
Definition 4. (See e.g., [1, Page 19]). A positive operator T on a
Banach lattice X is called σ-order continuous if for every sequence
{xn} ⊂ X such that xn ↓ 0 we have Txn ↓ 0.
Remark 5. There are different definitions of σ-order continuity for
operators on vector lattices but in the case of positive operators they
all are equivalent to Definition 4. We refer the reader to [19] for a
detailed discussion of this question.
Definition 6. Let X be a Banach lattice. The sequential Lorentz
seminorm l on X is defined as
l(x) = inf
xn↑|x|
lim
n
‖xn‖, x ∈ X (⋆)
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where inf is taken over all the sequences {xn} ⊂ X such that xn ≥ 0
and xn ↑ |x|.
Remark 7. The class of Banach lattices X for which the sequential
Lorentz seminorm is actually a lattice norm on X is very large. For
example it includes all the Banach lattices with the weak sequential
Fatou property (i.e., there is a constant K ≥ 1 such that xn ↑ x ⇒
‖x‖ ≤ K sup
n
‖xn‖ (see [2, p.89])) as well as all Banach Lattices with a
separating set of σ-order continuous functionals. Important examples
are provided by the Banach spaces of measurable functions.
We will need the following lemma.
Lemma 8. Let X be a Banach lattice such that dimX > 1. Let T :
X → X be a positive, band-irreducible, and σ-order continuous operator
such that its spectral radius ρ(T ) is a pole of the resolvent R(λ, T ).
Assume additionally at least one of the following two conditions:
(a) The sequential Lorentz semi-norm l is a norm on X;
(b) The operator T is weakly compact.
Then ρ(T ) > 0, the multiplicity of the pole ρ(T ) is 1, the corresponding
eigenspace is one dimensional, and the spectral projection PT is σ-order
continuous.
Proof. The inequality ρ(T ) > 0 follows trivially from the fact that T is
band irreducible (see [17]).
It was proved in [17, Theorem 6 and Lemmas 7 and 8] that the
conditions in part (a) imply the conclusion of the lemma.
To prove the conclusion of the lemma in case part (b) holds, assume
that ρ(T ) = 1. Let p be the order of the pole at 1 and let Q−p =
lim
λ↓1
(λ − 1)pR(λ, T ) where the limit is in operator norm. Notice that
the operator Q−p is positive and commutes with T . If we prove that
Q−p is σ-order continuous then we can repeat arguments from the proof
of Theorem 6 in [17] and finish the proof. Assume to the contrary that
there is a sequence xn ∈ X, n ∈ N such that xn ↓ 0 but Q−pxn ≥
y  0. Notice that Txn ↓ 0 and T is weakly compact whence Txn
weakly converges to 0. Therefore Q−pTxn weakly converges to 0. But
Q−pTxn = TQ−pxn ≥ Ty whence Ty = 0. Therefore T{y}
dd = 0 in
contradiction to T being band irreducible. 
Now we can state and prove our main result.
Theorem 9. Let X be a Banach lattice, A and B be positive operators
on X such that A ≤ B, B is band irreducible, and ρ(A) = ρ(B) > 0.
Assume additionally that at least one of the following conditions is
satisfied.
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(a) The sequential Lorentz seminorm l is a norm on X, B is σ-order
continuous, and ρ(B) is a pole of the resolvent R(λ,B).
(b) The sequential Lorentz seminorm l is a norm on X, B is σ-order
continuous, ρ(A) is a pole of the resolvent R(λ,A), and the correspond-
ing spectral subspace of A is finite dimensional.
(c) The operator B is weakly compact, σ-order continuous, and ρ(B)
is a pole of the resolvent R(λ,B).
(d) The operator A is band irreducible, weakly compact, and ρ(A) is a
pole of the resolvent R(λ,A). The operator B is σ-order continuous.
Then A = B.
Proof. Part (a). By part (a) of Lemma 8 we have ρ(B) > 0 and the
corresponding eigenspace is one dimensional. Let P be the correspond-
ing spectral projection. Without loss of generality we can assume that
ρ(B) = 1. For a positive ε let Bε = εA + (1 − ε)B. Notice that
A ≤ Bε ≤ B and therefore ρ(Bε) = 1. Then (see [10, Lemma VII.6.8])
for a small enough ε the point 1 will be an isolated eigenvalue of Bε of
multiplicity 1. LetQ be the corresponding spectral projection. The for-
mula (⋆) applied to the projection Q provides Q = lim
λ↓1
(λ−1)
∞∑
n=0
(Bε)n
λn+1
whence Q ≥ 0 and therefore there is g ∈ X , g  0, and Bεg = g.
Next we notice that Bg ≥ Bεg = g. Assume for a moment that
Bg 6= g. The formula (⋆) and the inequality B ≥ Bε guarantee that
P ≥ Q whence Pg ≥ Qg = g. Notice that our assumption Bg 6= g
implies that Pg 6= g because BPg = Pg. Next we see that B(Pg−g) =
Pg − Bg ≥ 0 whence Pg ≥ Bg ≥ g. From the last inequality we have
−g ≥ −Bg and therefore Pg − g ≥ Pg − Bg = B(Pg − g) ≥ 0. We
see now that operator B leaves invariant the principal ideal generated
by Pg − g and because B is σ-order continuous it leaves invariant
the nonzero principal band B generated by Pg − g. But B is band
irreducible whence B = X . Next notice that P (Pg − g) = 0 and that
the operator P is positive and σ-order continuous by Lemma 8 whence
P = 0, a contradiction.
We have just proved that Bg = Bεg = g. The operator B − Bε is
σ-order continuous because 0 ≤ B − Bε ≤ B and therefore B − Bε is
zero on the principal band C = {g}dd generated by g. But it follows
immediately from Bg = g and the fact that B is σ-order continuous
that BC ⊆ C. Recalling that B is band irreducible we see that C = X
whence Bε = B and therefore A = B.
Part (b). Assume again that ρ(A) = ρ(B) = 1. For a positive ε
consider the operator Bε = (1− ε)A+ εB. Then A ≤ Bε ≤ B whence
ρ(Bε) = 1. Lemma VII.6.8 in [10] guarantees that for a small enough
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ε, 1 is a pole of the resolvent R(λ,Bε). Next notice that the operator
Bε is σ-order continuous because Bε ≤ B. We claim that Bε is band
irreducible. Indeed, letB be a nontrivial Bε invariant band in X . Then
AB ⊆ B because A ≤ Bε. But B is a linear combination of A and Bε
whence BB ⊆ B in contradiction to our assumption that B is band
irreducible.
By part (a) we have A = Bε whence A = B.
Part (c). We can assume that ρ(B) = 1. Our assumptions about the
operator B and part (b) of Lemma 8 guarantee that 1 is an eigenvalue
of B of multiplicity one and that the corresponding one-dimensional
spectral projection P is σ-order continuous. The rest of the proof is
the same as in part (a).
Part (d). Assume ρ(A) = ρ(B) = 1. As in part (c) our assumptions
guarantee that 1 is the pole of ρ(λ,A) of multiplicity one and that
the corresponding one-dimensional spectral projection PA is σ-order
continuous. Let g be the corresponding positive eigenvector. Substi-
tuting, if needed, B by Bε = (1− ε)A+ εB where ε is a small enough
positive number we can assume that 1 is the pole of ρ(λ,B) also of
multiplicity one. Let PB be the corresponding one-dimensional spec-
tral projection. Notice that Bg ≥ Ag = g. Assume that Bg 	 g.
Then exactly as in part (a), we conclude that PBg ≥ Bg ≥ g ≥ 0
and that PBg − g ≥ B(PBg − g) ≥ A(PBg − g) ≥ 0. Since both A
and B are σ-order continuous they both leave invariant the principal
band B = {PBg − g}
dd. But A and B are band irreducible. Therefore
B = X . However, since PB ≥ PA ≥ 0 and PB(PBg − g) = 0, we have
PA(PBg − g) = 0. We already noted that Lemma 0.8 implied that PA
is σ-order continuous. Therefore PA(B) = PA(X) = {0}. This is a
contradiction since PA is non-zero. 
Remark 10. We can further weaken the conditions in parts (c) and
(d) of Theorem 9 (Compare with Theorem 6 in [17] and with [18]).
Namely, in part (c) instead of assuming that B is σ-order continuous
and weakly compact we can assume that there are positive operators
R and S such that R is weakly compact, S ≤ R and S 6= 0, SB ≤ BS,
and either R is order continuous, or R is σ-order continuous and S is
band irreducible (in connection with this see [18]). Similar changes can
be made for part (d). (See the appendix.)
We will now discuss in more detail the conditions in the statement of
Theorem 9.
Concerning parts(a) and (b), we showed already in Example 3 that
the condition that B is σ-order continuous cannot be omitted. But to
show that we cannot dispense with the condition that the sequential
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Lorentz seminorm is a norm on X requires a more subtle example. For
this purpose we will use and modify the example from [4, Proposition
13.5] (See also [19, Section 3]).
Example 11. There are a Banach lattice X (on which the sequential
Lorentz seminorm is not a norm) and positive operators A and B on
X such that
• 0 ≤ A ≤ B.
• ρ(A) = ρ(B) = 1.
• ρ(B) is a pole of the resolvent R(λ,B) of multiplicity one.
• B is order continuous.
• B is band irreducible.
However, A 6= B.
Proof. Part 1. In this part we will construct the Banach space X and
the operator A. Let ψ0 denote a function on [0, 1] defined as follows:
ψ0(t) =
{
2t if t ∈ [0, 1/2],
2− 2t if t ∈ [1/2, 1],
Using this function ψ0, we define a mapping ψ : [0, 1]→ [0, 1] by letting
ψ(0) = 0 and letting ψ(t) = 2−nψ0(2
nt − 1) for t ∈ [2−n, 2−n+1] and
n ∈ N. The graph of ψ is shown below.
0.2 0.4 0.6 0.8 1
0.1
0.2
0.3
0.4
0.5
Next we define the mapping ϕ : [0, 2]→ [0, 2] by letting
ϕ(t) =
{
ψ(t) if t ∈ [0, 1],
ψ(2− t) if t ∈ [1, 2],
We introduce the composition operator Tϕ on C[0, 2] by the formula
Tϕf = f ◦ ϕ, f ∈ C[0, 2]. We will describe recursively the sets
ϕ−n(0), n ∈ N. Clearly ϕ−1(0) = {0} ∪ {1/2k, k ∈ N} ∪ {1} ∪
{2 − 1/2k, k ∈ N} ∪ {2}. Let n ∈ N and let (a, b) be an interval
complementary to ϕ−n(0) (i.e. a, b ∈ ϕ−n(0) and (a, b) ∩ ϕ−n(0) = ∅).
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Then
(a, b)∩ϕ−(n+1)(0) = {
(2k − 1)a+ b
2k
: k ∈ N}∪{
a + (2k − 1)b
2k
: k ∈ N}
(⋆ ⋆ ⋆)
.
From the description above it is easy to see that the mapping ϕ has
the following properties:
(1) For any n ∈ N, 0 is the only fixed point of the mapping ϕn
whence ϕ−n(0) ⊂ ϕ−(n+1)(0), n ∈ N.
(2) For any n ∈ N, the set ϕ−n(0) is countable.
(3) The set
∞⋃
n=1
ϕ−n(0) is dense in [0, 2].
We introduce a lattice seminorm |‖ · ‖| on C[0, 2] as follows:
|‖f‖| = sup
n∈N
{
1
n!
max
t∈ϕ−n(0)
|f(t)|} (⋆⋆)
The condition (3) above guarantees that this lattice seminorm is ac-
tually a norm on C[0, 2]. Let X be the completion of C[0, 2] in this
norm. Then X is a Banach lattice. Notice that the Lorentz seminorm
on X is not a norm (see Lemma 12 below). The obvious inequality
|‖Tϕf‖| ≤ |‖f‖|, f ∈ C[0, 2] shows that Tϕ can be extended as a con-
tinuous operator on X . We will denote the extension by A. Thus A
is a positive operator on X and ‖A‖ ≤ 1. Moreover, the operator A
preserves disjointness and therefore it is a lattice homomorphism.
Part 2. We will prove here that the spectrum of A on X is the set
{0, 1} and that 1 is an eigenvalue of A of multiplicity 1. Indeed, the
space X is the direct sum of the closed ideal J , J = {x ∈ X : x(0) =
0} and the one-dimensional subspace Y generated by the function 1.
Notice that AY = Y and AJ ⊂ J . Let x ∈ J and k ∈ N, then
|‖Akx‖| = sup
n∈N
{
1
n!
max
t∈ϕ−n(0)
|x(ϕk(t))|}.
But because x ∈ J we have Akx ≡ 0 on ϕ−k(0) and therefore
|‖Akx‖| = sup
n≥k+1
{
1
n!
max
t∈ϕ−n(0)
|x(ϕk(t))|} ≤
sup
n≥k+1
{
1
n!
max
t∈ϕ−n+k(0)
|x(t)|} ≤ sup
n≥k+1
{
1
k!(n− k)!
max
t∈ϕ−n+k(0)
|x(t)|} ≤
1
k!
|‖x‖|.
Hence, the restriction A|J is a quasinilpotent operator.
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Part 3. We claim that the operator A is order continuous. Let us
consider E =
∞⋃
n=1
ϕ−n(0) as a topological space with the topology of
inductive limit. Then every x ∈ X can be represented as a continuous
function on E and the principal ideal (not closed!) I in X generated by
1 can be identified with the space of all bounded continuous functions
on E. By the Kreins’-Kakutani theorem the ideal I is order isomorphic
to C(K) for some compact Hausdorff space K. We see that K is
homeomorphic to the Stone - Cˇech compactification βE of E. 2 Next
notice that AI ⊂ I and that the operator A induces a homomorphism
of the algebra C(βE) to which corresponds a continuous mapping τ of
βE into itself. It is easy to see that τ is the unique extension of the
map ϕ : E → E on βE (see Lemma 13).
It follows from the definition of ϕ that if U is a subset of [0, 2] and
IntU 6= ∅ then Intϕ(U) 6= ∅. The definition of the inductive limit
topology on E shows that the map ϕ : E → E has the same property
(see the proof of Lemma 13). Recall that E is a completely regular
topological space and as such is dense in βE. Therefore τ being the
extension of ϕ also maps a set with with nonempty interior to a set with
nonempty interior (Lemma 13). Hence by Lemma 14 below, A|I, the
restriction of A to the ideal generated by 1 in X , is order continuous.
From this it follows easily that A is order continuous. Indeed, assume
to the contrary that there exist a net xα ↓ 0 and a z ∈ X , z  0
such that Axα ≥ z. But then xα ∧ 1 ↓ 0 and A(xα ∧ 1) = Axα ∧A1 ≥
z∧A1 = z∧1  0 (we have used here that A is lattice homomorphism,
A1 = 1, and 1 is a weak unit in X ) in contradiction to A|I being order
continuous.
Part 4. Here we will construct the operator B. We need first to
construct a sequence of auxiliary operators on X . To do it we will
need the description of the sets ϕ−n(0), n ∈ N, from Part 1. The open
subintervals of [0, 2] complementary to ϕ−1(0) and ordered according to
their natural order on the real line make an infinite sequence {In}n∈Z
where Z as usual is the set of all integers and I0 = (1/2, 1). We
will call these intervals - intervals of the first order. Let us define a
homeomorphism θ1 of [0, 2] onto itself as follows: θ1 maps the closure
of every interval In onto the closure of its neighbor to the right, In+1,
n ∈ Z, θ1 is linear on the closure of each In, θ1(0) = 0 and θ1(2) = 2.
Now let us consider the set ϕ−2(0). It contains of course all the
points from ϕ−1(0) but also inside every interval of the first order it
2’In order to keep the flow of the proof we delay the verification of this statement
and some others to Lemma 13.
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has a countable number of new points which accumulate only to the
ends of that interval (see (⋆ ⋆ ⋆)). Thus inside each interval of the first
order we have a countable sequence of intervals which we call intervals
of the second order. Next we construct the homeomorphism θ2 of [0, 2]
onto itself with the following properties
• θ2 leaves the closure any interval of the first order invariant.
• θ2 maps the closure of every interval of the second order onto
the closure of its neighbor to the right.
• θ2 is linear on the closure of each interval of the second order.
• θ2(0) = 0 and θ2(2) = 2.
Continuing this way we construct a sequence {θn} of homeomor-
phisms of [0, 2]. The description of the sets ϕ−n(0) and the fact that
the homeomorphism θk leaves the set ϕ
−(k−1)(0) invariant and maps
linearly every complementary interval of ϕ−k(0) onto its neighbor to
the right allow us to conclude that θi(ϕ
−n(0)) = ϕ−n(0), i, n ∈ N. Thus
(recall the definition (⋆⋆) of the norm on X) for any i ∈ N the compo-
sition operator Ti : Tix(t) = x(θi(t)), x ∈ X, t ∈
∞⋃
n=1
ϕ−n(0) is a positive
disjointness preserving isometry of X onto itself. This isometry is obvi-
ously invertible; the inverse isometry is also positive. Therefore Ti is a
lattice isomorphism of X onto itself and as such it is order continuous.
Let
T =
∑
n,j1,...jn∈N,i1,...,in,∈Z
εi1,...,in,j1,...jnT
i1
j1
. . . T injn
where the strictly positive numbers εi1,...,in,j1,...jn are chosen so small
that the series above converges in operator norm. Because all the
terms of the series are positive order continuous operators the operator
T is also positive and order continuous (see [19, Proposition 2.13]).
We claim that the operator T is band irreducible. Indeed, assume
to the contrary that there is a nontrivial T -invariant band B in X .
Recalling that if x ∈ X and x ≡ 0 on
∞⋃
n=1
ϕ−n(0) then x = 0 we see
that there are an N ∈ N and two points u0, t ∈ ϕ
−N(0) such that
• u0 and t are isolated points of ϕ
−N(0).
• x(u0) = 0 for any x ∈ B.
• There is a z ∈ B such that z(t) 6= 0.
The construction of the mappings θi, i ∈ N, shows that there is an
integer i1 ∈ Z such that the points u1 = θ
i1
1 (u0) and t belong to the
same subinterval of [0, 2] of the first order. Next we can find another
integer i2 ∈ Z such that the points u2 = θ
i2
2 (u1) and t are in the same
interval of order 2. Continuing this way we will the integers i1, . . . , iN−1
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such that the points uN−1 = θ
iN−1
N−1 ◦ . . . ◦ θ
i1
1 (u0) and t are in the same
interval J of order N − 1 and, being isolated points of ϕ−N(0) they are
endpoints of some subintervals of J of order N . The mapping θN shifts
these intervals to the right and thus we can find the integer iN ∈ Z
such that θiNN (uN−1) = t.
Let S = T i11 . . . T
iN
N . Then Sz(u0) = z(t) 6= 0 whence SB " B. On
the other hand the definition of the operator T shows that there is a
positive constant C such that S ≤ CT and therefore the band B must
be S-invariant, which yields a contradiction.
Let l be the function l(t) = t, t ∈ [0, 2] and L be the corresponding
multiplication operator on X . Fix a positive number ε and consider
B = A + εLT . Then B is order continuous band irreducible positive
operator on X . If ε is small enough then [16, IV.3.5] the disk {z ∈ C :
|z − 1| ≤ 1/2} contains only one point of the spectrum σ(B) and that
point is an eigenvalue of B of multiplicity one. Let δ0(x) = x(0), x ∈ X .
Then B′δ0 = δ0 whence ρ(B) = 1 and we are done. 
The following three lemmas were used in the construction of Exam-
ple 11. The last of them is most probably known but we were not
able to find it in the literature so we provide its proof for the sake of
completeness.
Lemma 12. Let X be the Banach lattice constructed in the proof of
Example 11. Then the sequential Lorentz seminorm l on X is not a
norm.
Proof. Fix n ∈ N. The set ϕ−n(0) is a closed countable subset of
[0, 2] and therefore we can find a sequence {fn,k}k∈N of non-negative
functions in C[0, 2] such that fn,k ≡ 0 on ϕ
−n(0), k ∈ N and fn,k ↑
k→∞
1.
But the definition of norm on X (see (⋆⋆)) shows that |‖fn,k‖| ≤ 1/(n+
1)!, k ∈ N, and according to the definition of the Lorentz seminorm l
(see (⋆)) we have l(1) = 0. 
Lemma 13. Let X be the Banach lattice constructed in the proof of Ex-
ample 11 and E =
∞⋃
n=1
ϕ−n(0) be the topological space endowed with the
topology of inductive limit of the compact spaces ϕ−n(0) (considered as
closed subsets of [0, 2]). Then the principal ideal I in X generated by the
function 1, I = {x ∈ X : ∃ c > 0 such that |x| ≤ c1}, is isometrically
and lattice isomorphic to the space C(βE) of all continuous functions
on the Stone - C˘ech compactification of E. Moreover, the mapping
ϕ : E → E allows the unique continuous extension τ : βE → βE and
if H is a closed subset of βE such that IntH 6= ∅ then Int τ(H) 6= ∅.
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Proof. The definition (⋆⋆) of the norm on X shows that every x ∈ X is
a function on E, completely defined by its values on E and continuous
on every set ϕ−n(0), n ∈ N. The topology of inductive limit on E is the
finest (strongest) topology on E such that every function continuous on
ϕ−n(0), n ∈ N, is continuous on E (see e.g. [15, page 44]). Therefore
X is a proper subspace of C(E). We claim that if f is a bounded
continuous function on E then f ∈ X . Indeed, for every n ∈ N we
can find a function fn ∈ C[0, 2] such that fn ≡ f on ϕ
−n(0) and
‖fn‖C[0,2] ≤ sup
t∈E
|f(t)|. It is obvious from (⋆⋆) that {fn} is a Cauchy
sequence in X and therefore converges to some x ∈ X ; but f ≡ x on E
whence f = x. Now we see that the principal ideal I generated in X
by the function 1 coincides with the algebra of all bounded continuous
functions on E which can be identified with the space C(βE).
To see this, it is sufficient to note that E is completely regular. In
fact, let F be a closed subset of E and t ∈ E r F . For some n,
t ∈ ϕ−n(0). Let fn : ϕ
−n(0)→ [0, 1] be a continuous Urysohn function
such that fn(t) = 1 and fn(ϕ
−n(0) ∩ F ) = {0}. Let
f˜n : ϕ
−n(0) ∪ (ϕ−(n+1)(0) ∩ F )→ [0, 1]
be defined by
f˜n(s) = fn(s), s ∈ ϕ
−n(0) andf˜n(s) = 0, s ∈ (ϕ
−(n+1)(0)∩F )rϕ−n(0).
It is straight forward to show that the functionf˜n defined as above on
the indicated closed subset of ϕ−(n+1)(0) is continuous. Then by Ti-
etze’s extension theorem there is a continuous function fn+1 : ϕ
−(n+1)(0)→
[0, 1] that extendsf˜n. But this means it also extends fn. Hence by in-
duction we construct a sequence of continuous functions {fn} such that,
for each n, fn : ϕ
−n(0)→ [0, 1] with fn(t) = 1 and fn(ϕ
−n(0)∩F ) = {0}
and fn+1 is an extension of fn. Now we define a function f : E → [0, 1]
by f(s) = fn(s) for each s ∈ E whenever s ∈ ϕ
−n(0) for some n.
Clearly f is well defined and satisfies f(t) = 1 and f(F ) = {0}. Fur-
thermore f is continuous since f|ϕ−n(0) = fn is continuous for each n.
Whence E is completely regular.
Returning to C(βE) we notice that the operator Tϕ is a unital ho-
momorphism of this algebra and therefore in generates a continuous
map τ : βE → βE such that the restriction of τ on E coincides with ϕ.
Let V be an open nonempty subset of E. The definition of inductive
(or direct) limit topology (see again [15, page 44]) shows that for any
n ∈ N the set V ∩ ϕ−n(0) is an open subset of ϕ−n(0). Let N ∈ N be
the smallest natural number such that V ∩ ϕ−N(0) 6= ∅. Consider the
subset F of E that consists of all the points from ϕ−1(0) and of all the
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points of the form a+b
2
where a, b ∈ ϕ−1(0) and (a, b) ∩ ϕ(−1)(0) = ∅.
We can easily see that F ⊂ ϕ(−2)(0) is a closed subset of [0, 2] and of
E whence W = V \ F is open in E.
Notice that it follows from (⋆ ⋆ ⋆) that every point from ϕ−N(0)
is limit of a sequence of points from ϕ−(N+1)(0) \ ϕ−N(0). Therefore
ϕ−M(0) ∩W 6= ∅ where M = max (3, N + 1). Let us now fix n ∈ N
such that Wn =W ∩ϕ
−n(0) 6= ∅. Let G be an open subset of [0, 2] \F
such that Wn = G ∩ ϕ
−n(0). Then G is the union of disjoint open
intervals (cj , dj), j ∈ N, in [0, 2] \ F . Since (cj, dj) ∩ F = ∅, the
construction of the map ϕ shows that ϕ((cj, dj)) is an open subinterval
of [0, 1/2] (see the graph in part 1 of Example 11). Thus ϕ(Wn) =( ∞⋃
j=1
ϕ((cj, dj))
)
∩ϕ−(n−1)(0) is an open nonempty subset of ϕ−(n−1)(0).
We have just proved that the set ϕ(W ) is non-empty and open in
E whence Int ϕ(V ) 6= ∅. It remains to see that τ inherits the same
property.
Let U be a non-empty open subset of βE and let R = U ∩ E. Then
clER has non-empty interior. Therefore ϕ(clER) also has non-empty
interior. That is there exists a non-empty open set S in βE such
that S ∩ E ⊂ intϕ(clER). But clβE(S ∩ E) = clβES. Now notice
that clE(S ∩ E) ⊂ ϕ(clER) ⊂ τ(clβEU). Therefore S ⊂ clβES =
clβE(S ∩ E) ⊂ τ(clβEU) and intτ(clβEU) 6= ∅. 
Lemma 14. Let K be a compact Hausdorff space, ϕ : K → K be a
continuous mapping, and Tϕ be the corresponding composition operator
on C(K). The following conditions are equivalent.
(1) The operator Tϕ is order continuous.
(2) If U is a closed subset of K and Int U 6= ∅ then Int ϕ(U) 6= ∅.
Proof. (1) ⇒ (2) Assume to the contrary that there is a closed subset
U of K such that Int U 6= ∅ but Int ϕ(U) = ∅. Then we can find a net
{fα} in C(K) such that fα ↓ 0 and fα = 1 on ϕ(U). Let g ∈ C(K) be
such that g 6= 0, supp g ⊂ Int U , and 0 ≤ g ≤ 1. But then Tϕfα ≥ g
in contradiction to Tϕ being order continuous.
(2)⇒ (1) Assume to the contrary that the condition (2) is satisfied
but Tϕ is not order continuous. Let {fα} be a net in C(K) such that
fα ↓ 0 and Tϕfα ≥ g  0 where g ∈ C(K). If we fix a small enough
positive ε then the set U = {k ∈ K : g(k) ≥ ε} is a closed subset of K
and Int U 6= ∅. But then fα ≥ ε on ϕ(U) and because Int ϕ(U) 6= ∅
we have a contradiction to fα ↓ 0. 
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Remark 15. Consider the operator A constructed in Example 11.
The powers An, n ∈ N, are order continuous positive operators and
it can be easily seen that they converge in the operator norm to the
spectral projection on the one-dimensional subspace generated by the
eigenvector 1. This projection is not order continuous because its kernel
is an ideal but not a band in X (it is not even σ-order continuous
because the Banach lattice X is separable and every band in it is a
principal band). It was proved in [19, Theorem 2.16] that if we have
a Banach lattice Z and the Lorentz seminorm is a norm on Z then
the operator norm limit of a sequence of order continuous positive
operators is also order continuous. Therefore we see that the condition
that the Lorentz seminorm is a norm cannot be omitted from the cited
above theorem. The corresponding example in [19] (see [19, Section 3])
contains typing errors in its definition. It can be corrected to yield the
desired result. However the proof given there needs to be corrected as
well.
Now we will continue to discuss the conditions in the statement of
Theorem 9 part (c). As the following example shows it is not possible
to omit the condition that B is order continuous.
Example 16. We will first reproduce Example 5.1 from [3]. Let X =
Mψ be a Marcinkiewicz space on (0, 1) generated by the function ψ
such that lim
t→0
ψ(2t)
ψ(t)
= 1. Then (see [20]) there is a singular positive
functional f on X such that f does not annihilate any nonzero band
in X . Let e be a positive weak unit in X such that f(e) = 0. Then
it is easy to see that the one dimensional operator T on X defined as
Tx = f(x)e, x ∈ X is band irreducible and T 2 = 0.
Now we can use the example above to construct the desired coun-
terexample. Let g be a positive functional on X such that g(e) = 1,
let Ax = g(x)e, x ∈ X and let, B = A+T . Then clearly σ(A) = {0, 1}
whence ρ(B) ≥ 1. But ρ(B) is an eigenvalue of B and it is immediate
to see that e is the only eigenvector of B corresponding to a non-zero
eigenvalue, and that the corresponding eigenvalue is 1.
Remark 17. The famous theorem of de Pagter [22] states that any
ideal irreducible positive compact operator has nonzero spectral radius.
Thus Example 16 illustrates the difference between compact band ir-
reducible and compact ideal irreducible operators. In connection with
this example the following problem might be of independent interest.
Problem 18. On which Banach lattices do there exist positive compact
band irreducible quasinilpotent operators?
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Appendix
Proposition 19. The condition in part (b) of Lemma 8 that the op-
erator T is weakly compact can be substituted by the condition that T
commutes with a positive weakly compact nonzero operator S and either
S is order continuous or S is σ-order continuous and band irreducible.
Respectively we can change the conditions in parts (c) and (d) of The-
orem 9.
Proof. As it was noticed in the proof of Lemma 8 it is enough to prove
that the operator Q−p = lim
λ→1
(λ − 1)pR(λ, T ) is σ-order continuous.
Assume to the contrary that xn ↓ 0 but Q−pxn ≥ y  0. We have
Sxn
w
→ 0 whence Q−pSxn
w
→ 0 and because SQ−p = Q−pS SQ−pxn
w
→ 0.
But SQ−pxn ≥ Sy whence Sy = 0.
Assume first that S is order continuous. Let Z be the maximal by
inclusion ideal in X such that SZ = 0. Then Z is a nonzero band
in X . We claim that TZ ⊆ Z. Indeed, otherwise there are positive
nonzero z ∈ Z and u ⊥ Z such that Tz ≥ u. But STz = TSz = 0
whence Su = 0 in contradiction with maximality of Z. But T is band
irreducible whence Z = X and S = 0, a contradiction.
Next assume that S is σ-order continuous and band irreducible.
Then S{y}dd = 0 whence {y}dd = X and S = 0, a contradiction
again. 
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